Abstract.
An integral domain D is called a weakly factorial domain (or a WFD for short) if each nonzero nonunit of D is expressible as a product of primary elements of D. The aim of this note is to indicate how close WFD's are to UFD's, especially when they are Noetherian. For instance, as a consequence of one of the results, we show that the integral closure of a Noetherian WFD is a UFD. This improves on the following statement, which using a suggestion of David Anderson was proved in [1] : If D is a one-dimensional Noetherian WFD then its integral closure D' is a PID. We also show that a flat overring of a WFD D is a quotient ring of D.
Introduced in [1] , WFD's were considered a somewhat weak notion but recently some interesting properties of these rings were discovered in [2] . These properties indicate that the study of WFD's may well be worthwhile. It was shown in [2] Theorem. Every t-linked overring of an infra-Krull WFD is and infra-Krull WFD.
To prove this theorem we need the following lemmas. Proof. According to Querré [5] , for every ideal A of a Mori domain there is a finitely generated ideal B ç A such that Av = Bv . So for any nonzero ideal A, Av = D implies that A, = D. Now let P be a maximal ¿-ideal of D.
Then P = Pv = Bv for some finitely generated B ç P . It is sufficient to show that P is contained in a member of Xl(D). For this we assume that P f¿ Q for all Q in Xl(D) and let * be the *-operation induced on D by {DP} then Proof of the main theorem. Let D be infra-Krull and let R be a ¿-linked overring of D. Then R = C\Pex,(D)R{D\P) is infra-Krull, by Lemma 2. So every minimal prime of a principal ideal of R is a height one prime of R , by Lemma 1. According to [2] all we have to show is that for each 0 / x G P G Xl(R), xRp n R is principal. Because R is ¿-linked over D and because every maximal ¿-ideal of D is of height one, for each P in Xl(R), P<~)D is a height one prime ¿-ideal [3, Proposition 2.1]. Let PnD -P. Then Rp is an overring of Dp and so xR¡^ -(p/q)Rp_, where \f(p) = P, q = 1 , or ^f(q) = P and p/q G R. Now X-Rp <~)R = xRP n R(d\p) <~l R ■ As R(d\p) is an overring of Dp , which is one-dimensional Noetherian, R(d\p) is one-dimensional semilocal. So, according to [1] is a Krull WFD. But a Krull WFD is a UFD [1] .
In general, overrings of a one-dimensional quasilocal domain cannot be semiquasilocal and/or one dimensional. So the above results cannot be stated for general WFD's. Yet there is another breed of ¿-linked overrings for which a semblance of the above results follows through. Proof. Let R = Ç]DP where P ranges over Y ç Xl(D), and let S = {s e D\s is a unit in Ä}. Clearly RD Ds . Now let x be a nonzero nonunit of R , then x = a¡ß where a, ß e D\{0} . So we can write x as p\p2 ■ •■pr/q\q2 ---Qs where p¡, q¡ are primary, and we can assume that the p¡ are all mutually f-coprime and so are the q¡. Now as x is a nonunit in R, there is a P in XX(R) such that x is in P. So xDP / D? for some P in Y. But then there is a p, in the numerator of x, such that y/(Pi) = P. We claim that (/?,-, qj)v ^ D implies that q¡\p[ in R. For, then q¡ G P and so belongs to no other height 1 prime in Y and Pi/q¡Dp = xDP requires that q¡ divides p¡. Thus we can assume that (/>,, q¡)v = D for all q¡ in the denominator. Repeating this process for all P in Xl(R), we conclude that (a, ß)v = D. Consequently a and ß share no height 1 prime of D and hence of R. But then ß is in no member of Xl(R) and so is a unit in R. Consequently x = a/ß where ß e S and so R = Ds . Proof. Obviously a flat overring of a WFD is a subintersection.
